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COHOMOLOGY OF VECTOR BUNDLES AND
NON-PLURIHARMONIC LOCI
YUSAKU TIBA
Abstract. In this paper, we study cohomology groups of vector bundles on neigh-
borhoods of a non-pluriharmonic locus in Stein manifolds and in projective manifolds.
By using our results, we show variants of the Lefschetz hyperplane theorem.
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1. Introduction
Let X be a Stein manifold. Let ϕ be an exhaustive plurisubharmonic function on
X . The support of i∂∂ϕ has some interesting properties. In this paper, we study
the cohomology of holomorphic vector bundles on open neighborhoods of supp i∂∂ϕ.
Here we denote by suppT the support of a current T . Let F be a holomorphic vector
bundle over X . Let A ⊂ X be a closed set. For any open neighborhoods V ⊂ U
of A, the inclusion map induces Hq(U, F ) → Hq(V, F ). We define the direct limit
lim−→
A⊂V
Hq(V, F ) where V runs through all open neighborhoods of A. Our first main result
is the following:
Theorem 1. Let X be a Stein manifold of dimension n (n ≥ 3). Let m be a positive
integer which satisfies 1 ≤ m ≤ n−2. Let ϕ1, . . . , ϕm be non-constant plurisubharmonic
functions on X such that for every r < supX ϕj the sublevel set {z ∈ X |ϕj(z) ≤ r} is
compact (1 ≤ j ≤ m). Let F be a holomorphic vector bundle over X. Then the natural
map
H0(X,F )→ lim−→⋂m
j=1 supp i∂∂ϕj⊂V
H0(V, F ).
is an isomorphism and
lim−→⋂m
j=1 supp i∂∂ϕj⊂V
Hq(V, F ) = 0
for 0 < q < n−m− 1.
Let X be a projective manifold. We have the Hodge decompotion H2(X,C) =
H2,0(X,C) ⊕ H1,1(X,C) ⊕ H0,2(X,C). Define H1,1(X,R) = H1,1(X,C) ∩ H2(X,R).
Let KNS ⊂ H
1,1(X,R) be the open cone generated by classes of ample divisors (see
Section 6 of [4]). Our second main result is the following:
Theorem 2. Let X be a projective manifold of dimension n (n ≥ 3). Let m be a positive
integer which satisfies 1 ≤ m ≤ n− 2. Let T1, . . . , Tm be closed positive currents of type
(1, 1) on X whose cohomology classes belong to KNS. let F be a holomorphic vector
bundle over X. Then the natural map
Hq(X,F )→ lim
−→⋂m
j=1 suppTj⊂V
Hq(V, F )
1
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is an isomorphism for 0 ≤ q < n−m− 1 and is injective for q = n−m− 1.
Let t ∈ H0(X,L) be a non-zero holomorphic section of the ample line bundle L over
X . We define the hypersurface Y = {z ∈ X | t(z) = 0}. Let h0 be a smooth hermitian
metric of L such that ω0 := 2πc1(L, h0) is Ka¨hler form. Here c1(L, h0) is the Chern
form of L associated to h0. Then Y = supp (ω0+ i∂∂ log |t|
2
h0
). Because of the vanishing
theorem of cohomology groups with compact supports in the Stein manifold X \ Y , we
have that the natural map
Hq(X,F )→ lim
−→
Y⊂V
Hq(V, F )
is an isomorphism for q < n−1 and is injective for q = n−1. Theorem 2 is a counterpart
of this result. Unfortunately, we do not know whether Theorem 1 and Theorem 2 hold
in the case when the degree is n−m.
Let T ∗X be the holomorphic cotangent bundle over X . If we take F =
∧p T ∗X , our main
results imply the following variants of the Lefschetz hyperplane theorem (see Lemma 1
of [9]).
Corollary 1. Let X,ϕ1, . . . , ϕm be as in Theorem 1. Then the natural map
Hq(X,C)→ lim
−→⋂m
j=1 supp (i∂∂ϕj)⊂V
Hq(V,C)
is an isomorphism for q < n−m− 1 and is injective for q = n−m− 1.
Corollary 2. Let X, T1, . . . , Tm be as in Theorem 2. Then the natural map
Hq(X,C)→ lim−→⋂m
j=1 suppTj⊂V
Hq(V,C)
is an isomorphism for q < n−m− 1 and is injective for q = n−m− 1.
Corollary 1 generalizes the main theorem of [9]. The degree which appears in [9] is
max{n − 4, 1}. On the other hand, those which appear in our main results are n − 2
when m = 1. The improvement of the degree is due to the method of Lee and Nagata
([8]) and the estimate of the Sobolev norm.
We prove the case m = 1 of Theorem 1, 2 in Section 3, 4, 5. By using Mayer-Vietoris
sequence, we prove the general case in Section 6.
Acknowledgment. The author would like to thank Seungjae Lee and Yoshikazu Na-
gata for sending him their paper [8]. This work was supported by the Grant-in-Aid for
Scientific Research (KAKENHI No. 17K14200).
2. Preliminaries
Let X be a Ka¨hler manifold and let ω be a Ka¨hler metric on X . We assume that
X is weakly pseudoconvex, that is, there exists a smooth plurisubharmonic exhaustion
function on X . Let F be a holomorphic vector bundle over X and let H be a smooth
hermitian metric of F . We denote by L(p,q)(X,F,H, ω) the Hilbert space of F -valued
(p, q)-forms u which satisfy
‖u‖2H,ω =
∫
X
|u|2H,ωdVω < +∞.
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Here dVω =
ωn
n!
. Let iΘ(F,H) be the Chern curvature tensor of (F,H) and let Λ be
the adjoint of multiplication of ω. Suppose that the operator [iΘ(F,H),Λ] acting on
(n, q)-forms with values in F is positive definite on X (q ≥ 1). Then, for any ∂-closed
form u ∈ L(n,q)(X,F,H, ω) which satisfies
∫
X
〈[iΘ(F,H),Λ]−1u, u〉H,ωdVω < +∞, there
exists v ∈ L(n,q−1)(X,F,H, ω) such that ∂v = u and that
‖v‖2H,ω ≤
∫
X
〈[iΘ(F,H),Λ]−1u, u〉H,ωdVω
(cf. [3]). We note that ω is possibly non complete.
3. L2-estimate
In [9], the surjectivity between the cohomology groups was proved by the Donnelly-
Fefferman-Berndtsson type L2-estimates for (0, q)-forms ([1], [5]). In [8], Lee and Nagata
showed that L2-Serre duality and L2-estimates for not (0, q) but (n, q)-forms improve
the integrability condition of an L2-estimate. By using the method of [8], we prove
Proposition 1 below.
Let X be a Stein manifold of dimension n and let D be a relatively compact subdo-
main in X . Assume that there exist negative plurisubharmonic functions ϕ, η ∈ C∞(D)
on D such that max{ϕ(z), η(z)} → 0 when z → ∂D. We assume that infD η < −1.
Define φ = − log(−ϕ) and ρ = maxε{− log(−η), 0}. Here ε > 0 is a small positive
number and maxε is a regularized max function (see Chapter I, Section 5 of [3]). Let
F be a holomorphic vector bundle over X and H be a smooth hermitian metric of
F . We define F ∗, H∗ to be the dual of F,H . Let ψ ∈ C∞(D) be a strictly plurisub-
harmonic function. We take a large positive integer N such that the hermitian vector
bundle (F ∗, H∗e−(N−1)ψ) is Nakano positive on D. Let δ > 0 be a positive number. Put
ω = i∂∂(ψ
δ
+ ρ
δ
+ φ). Then ω is a complete Ka¨hler metric on D. Let κ ∈ C∞(R) such
that κ′(t) ≥ 1, κ′′(t) ≥ 0 for t ≥ 0. Put ξ = Nψ+κ◦ ρ− δφ. The proof of the following
lemma is completely similar to that of Lemma 3.1 of [8].
Lemma 1. Let f ∈ L(n,q)(D,F ∗, H∗e−ξ, ω) such that ∂f = 0. Assume that δ < q.
Then there exists u ∈ L(n,q−1)(D,F ∗, H∗e−ξ, ω) such that ∂u = f and that
∫
D
|u|2H∗, ωe
−ξdVω ≤ Cq,δ
∫
D
|f |2H∗, ωe
−ξdVω.
Here Cq,δ depends only on q and δ.
Proof. There exist relatively compact weakly pseudoconvex subdomains D1 ⊂ D2 ⊂
· · · ⊂ D which exhaust D. Because of the Nakano positivity of (F ∗, H∗e−(N−1)ψ), there
exists uk in L
(n,q−1)(Dk, F
∗, H∗e−Nψ−κ◦ρ) such that ∂uk = f and that
∫
Dk
|uk|
2
H∗, ωe
−Nψ−κ◦ρdVω ≤
∫
Dk
〈[iΘ(F ∗, H∗e−Nψ−κ◦ρ),Λ]−1f, f〉H∗, ωe
−Nψ−κ◦ρdVω.
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Since φ and ∂φ are bounded in Dk, we have that uke
δφ is the minimal solution of
∂(uke
δφ) = (f + δ∂φ ∧ uk)e
δφ in L(n,q−1)(Dk, F
∗, H∗e−Nψ−κ◦ρ−δφ, ω). Then∫
Dk
|uk|
2
H∗, ωe
−ξdVω =
∫
Dk
|uke
δφ|2H∗, ωe
−Nψ−κ◦ρ−δφdVω
≤
∫
Dk
〈[iΘ(F ∗, H∗e−Nψ−κ◦ρ−δφ),Λ]−1(f + δ∂φ ∧ uk), f + δ∂φ ∧ uk〉H∗, ωe
−ξdVω
≤
(
1 +
1
t
)∫
Dk
〈[iΘ(F ∗, H∗e−Nψ−κ◦ρ−δφ),Λ]−1f, f〉H∗, ωe
−ξdVω
+ (1 + t)δ2
∫
Dk
〈[iΘ(F ∗, H∗e−Nψ−κ◦ρ−δφ),Λ]−1∂φ ∧ uk, ∂φ ∧ uk〉H∗, ωe
−ξdVω
for every t > 0. We have that 〈[iΘ(F ∗, H∗e−Nψ−κ◦ρ−δφ),Λ]v, v〉H∗, ω ≥ qδ|v|
2
H∗, ω for any
F -valued (n, q)-form v since i∂∂(ψ+κ◦ ρ+ δφ) ≥ δω. Because |∂φ|ω ≤ 1, we have that
(1 + t)δ2〈[iΘ(F ∗, H∗e−Nψ−κ◦ρ−δφ),Λ]−1∂φ ∧ uk, ∂φ ∧ uk〉H∗, ω ≤ (1 + t)
δ
q
|uk|
2
H∗, ω.
By taking t sufficiently small, we have that∫
Dk
|uk|
2
H∗, ωe
−ξdVω ≤ Cq,δ
∫
Dk
|f |2H∗, ωe
−ξdVω ≤ Cq,δ
∫
D
|f |2H∗, ωe
−ξdVω.
The constant Cq,δ does not depend on k. Hence we may choose a subsequence of {uk}k∈N
converging weakly in L(n,q−1)(D,F ∗, H∗e−ξ, ω) to u. Then u is the F -valued (n, q)-form
we are looking for. 
Lemma 2. Let α ∈ L(0,q)(D,F,Heξ, ω) such that ∂α = 0. Assume that q ≥ 1 and that
δ < n− q. Then there exists β ∈ L(0,q−1)(D,F,Heξ, ω) such that ∂β = α and that∫
D
|β|2H,ωe
ξdVω ≤ Cq,δ
∫
D
|α|2H,ωe
ξdVω.
Proof. Let ⋆F be the Hodge-star operator L
(0,q)(D,F,Heξ, ω)→ L(n,n−q)(D,F ∗, H∗e−ξ, ω)
as in [2]. Let ∂
∗
F ∗ be the Hilbert space adjoint to ∂ : L
(n,n−q−1)(D,F ∗, H∗e−ξ, ω) →
L(n,n−q)(D,F ∗, H∗e−ξ, ω). We note that the formal adjoint of ∂ is equal to − ⋆F ∗
∂ ⋆F . Since ω is complete, we have that ⋆Fα ∈ L
(n,n−q)(D,F ∗, H∗e−ξ, ω) is con-
tained in the domain of ∂
∗
F ∗ and ∂
∗
F ∗ ⋆F α = 0. Lemma 1 shows that there ex-
ists u ∈ L(n,n−q+1)(D,F ∗, H∗e−ξ, ω) such that ∂
∗
F ∗u = ⋆Fα and that ‖u‖
2
H∗e−ξ, ω
≤
Cq,δ‖ ⋆F α‖
2
H∗e−ξ, ω = Cq,δ‖α‖
2
Heξ, ω. By the completeness of ω again, we have that
β = ⋆F ∗u ∈ L
(0,q−1)(D,F,Heξ, ω) is contained in the domain of ∂ and ∂β = α. We
have that ‖β‖2Heξ, ω ≤ Cq,δ‖α‖
2
Heξ, ω and this completes the proof. 
We denote by Ω(0,q)(D,F ) (resp. Ω(0,q)(D,F )) the space of F -valued smooth (0, q)-
forms on D (resp. on a neighborhood of D). Let ∂′D = {z ∈ ∂D |ϕ(z) = 0}.
Proposition 1. Let 1 ≤ q ≤ n−2. Assume that ϕ is pluriharmonic on a neighborhood
of ∂′D and dϕ 6= 0 on ∂′D. Let α ∈ Ω(0,q)(D,F ) such that ∂α = 0 in D and that
suppα ∩D ⊂ {z ∈ D | ρ = 0}. Then there exists β ∈ Ω(0,q−1)(D,F ) such that ∂β = α
and that supp β ⊂ {z ∈ D | ρ ≤ 1}.
COHOMOLOGY OF VECTOR BUNDLES AND NON-PLURIHARMONIC LOCI 5
Proof. Let 1 < δ < 2. If a ∈ {z ∈ ∂D | η(z) 6= 0}, then a ∈ ∂′D. There exists
a small neighborhood U ⊂ X of a such that ϕ is pluriharmonic and i∂∂φ = i∂ϕ∧∂ϕ
ϕ2
on U ∩ D. Since η(a) 6= 0, we may assume that i∂∂ρ and κ ◦ ρ are bounded. Then
eξdVω ≤ C|ϕ|
δ−2(i∂∂ψ)n on U ∩D. Hence∫
U∩D
|α|2H,ωe
ξdVω ≤ C
∫
U∩D
|α|2
H,i∂∂ψ
|ϕ|δ−2(i∂∂ψ)n < +∞.
If b ∈ {z ∈ ∂D | η(z) = 0}, there exists a small open neighborhood U ⊂ X of b such
that U ∩ suppα = ∅. Hence we have that α ∈ L(0,q)(D,F,Heξ, ω).
Let κj ∈ C
∞(R) (j = 1, 2, · · · ) be functions which satisfies the following conditions:
(i) κj(t) ≤ κj+1(t) for any j ∈ N and t ≥ 0,
(ii) κ′j(t) ≥ 1 and κ
′′
j (t) ≥ 0 for any j ∈ N and t ≥ 0,
(iii) there exists a positive constant C such that κj(t) ≤ C for any j ∈ N and
0 ≤ t ≤ 1/2,
(iv) limj→∞ κj(t) = +∞ for any t ≥ 1.
Let ξj = Nψ+κj ◦ρ−δφ. We have that α ∈ L
(0,q)(D,F,Heξj , ω). Since q ≤ n−2, there
exist βj ∈ L
(0,q−1)(D,F,Heξj , ω) such that ∂βj = α and ‖βj‖
2
Heξj , ω
≤ Cq,δ‖α‖
2
Heξj ,ω
by
Lemma 2. Because κj ◦ ρ ≤ C on suppα, we have that ‖α‖
2
Heξj , ω
does not depend
on j. Take a weakly convergent subsequence {βjν}ν∈N in L
(0,q−1)(D,F,HeNψ−δφ, ω)
and there exists the weak limit β ∈ L(0,q−1)(D,F,HeNψ−δφ, ω) such that ∂β = α and
supp β ⊂ {z ∈ D | ρ(z) ≤ 1}. The regularity of β will be discussed in Section 4. 
4. Estimate of the Sobolev norm
It is enough to consider the case q ≥ 2. In the proof of Proposition 1, we take
κj ∈ C
∞(R) (j ∈ N) which satisfy four conditions. We add the following condition to
{κj}j∈N:
(v) For any non-negative integer k, there exists positive constant Ck which does
not depend on j and satisfies
κ
(k)
j (t)
(κj(t))k+1
< Ck
for any j ∈ N and t ≥ 0.
Lemma 3. There exist functions κj ∈ C
∞(R) (j ∈ N) which satisfy the above five
conditions.
Proof. We define κj(t) =
∑j
l=0 t
l. It is easy to see that {κj}j∈N satisfies the conditions
(i), (ii), (iii), (iv). For t ≥ 0, we have that
(κj(t))
k+1 ≥
j∑
l=0
(
l + k
l
)
tl =
1
k!
j∑
l=0
(l + k)!
l!
tl ≥
1
k!
κ
(k)
j (t).
Hence {κj}j∈N satisfies (v). 
Assume {κj}j∈N satisfies the above five conditions. Take {βj}j∈N and β as in the
proof of Proposition 1. We may assume that βj is orthogonal to the kernel of ∂ :
L(0,q−1)(D,F,Heξj , ω) → L(0,q)(D,F,Heξj , ω) and βj is smooth (cf. [7]). Let a ∈ D
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and let χ ∈ C∞(D) be a non-negative function such that χ = 1 on a neighborhood
of a and suppχ is sufficiently small. Denote by H ′ = HeNψ−δφ the hermitian metric
of F . Then H ′eκj◦ρ = Heξj . We may assume that suppχ is contained in a complex
chart U and that F is trivialized there. Let (x1, . . . , x2n) be a local coordinates on
U . Let K = (k1, k2, . . . , k2n) be the multi-index and let |K| = k1 + · · · + k2n. Define
DK : Ω(0,q−1)(U, F )→ Ω(0,q−1)(U, F ) by DK =
(
∂
∂x1
)k1
· · ·
(
∂
∂x2n
)k2n
.
Lemma 4. Let k be a non-negative integer. Then
∑
|K|=k
∫
U
|DK(χβj)|
2
H′, ωe
κj◦ρ/2kdVω < Ck
for any j ∈ N where Ck is a constant which does not depend on j.
LetW k(0,q−1)(U, F ) be the Sobolev space of F -valued (0, q−1)-forms whose derivatives
up to order k are in L(0,q−1)(U, F,H ′, ω). Lemma 4 implies that the subset {χβj}j∈N
is bounded in W k(0,q−1)(U, F ). By taking weakly convergent subsequence of {χβjν}ν , we
have that β ∈ W k(0,q−1)(U
′, F ) where U ′ is a sufficiently small open neighborhood of a
contained in U . By the Sobolev lemma (cf. [3]), it follows that β is smooth in D.
The proof of Lemma 4 proceeds by induction on k. We have seen that ‖βj‖
2
H′eκj◦ρ, ω
does not depend on j, and the case k = 0 holds. Let ∇j be the hermitian connection
on F which is compatible with H ′eκj◦ρ. By the trivialization of F in U , we have that
∇j = d + ΓH′ + ∂κj ◦ ρ IdF where ΓH′ is the connection form defined by H
′. Let ∗
be the Hodge-star operator from F -valued (p, q)-form to F -valued (n− q, n− p)-form.
Define ϑ = ∗∂∗ : Ω(0,q−1)(U, F ) → Ω(0,q−2)(U, F ). Then −ϑ is the formal adjoint of
∂ : L(0,q−1)(U, F,HId, ω)→ L
(0,q)(U, F,HId, ω). Here HId is the flat metric of the trivial
vector bundle F over U .
Lemma 5. Under the hypothesis that Lemma 4 holds for ≤ k, we have that
∑
|K|=k
∫
U
|ϑDK(χβj)|
2
H′, ωe
κj◦ρ/2
k+1
dVω < Ck+1
for any j ∈ N where Ck+1 is a constant which does not depend on j.
Proof. We denote by ∂
∗
j the Hilbert space adjoint to ∂ : L
(0,q−2)(D,F,H ′eκj◦ρ, ω) →
L(0,q−1)(D,F,H ′eκj◦ρ, ω). The formal adjoint of ∂ is given by −∗ (∂+ΓH′+∂κj ◦ρ Id)∗.
Since βj is orthogonal to the kernel of ∂ in L
(0,q−1)(D,F,H ′eκj◦ρ, ω), we have that
∂
∗
jβj = 0. Then ∗∂ ∗ βj = − ∗ ΓH′ ∗ βj − ∗∂κj ◦ ρ ∧ βj. Hence
∗∂ ∗ (χβj) = ∗(∂χ ∧ ∗βj)− ∗ΓH′ ∗ (χβj)− ∂κj ◦ ρ ∧ (χβj).
Let K = (k1, . . . , k2n) such that k = k1 + · · · + k2n. It follows that the order of the
differential operator ∗DK −DK∗ is k − 1. Then
ϑDK(χβj) = ∗∂ ∗D
K(χβj) = D
K ∗ ∂ ∗ (χβj) + Lβj ,
where L is the differential operator of order k. The term DK ∗ ∂ ∗ (χβj) is written as∑
k′≤k, l≤k+1
∑
|K ′|=k′
tK ′,lκ
(l)
j ◦ ρD
K ′βj
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where tK ′,l is the function which does not depend on j. It follows that∫
U
|ϑDK(χβj)|
2
H′, ωe
κj◦ρ/2k+1dVω
≤
∑
k′≤k, l≤k+1
∑
|K ′|=k′
∫
U
(|tK ′,lκ
(l)
j ◦ ρ|
2|DK
′
βj|
2
H′, ω + |Lβj |
2
H′, ω)e
κj◦ρ/2k+1dVω
≤C
∑
k′≤k, l≤k+1
∑
|K ′|=k′
∫
U
|κ
(l)
j ◦ ρ|
2
(κj ◦ ρ)2(l+1)
|DK
′
βj|H′, ωe
κj◦ρ/2k(κj ◦ ρ)
2(l+1)e−κj◦ρ/2
k+1
dVω,
where C does not depend on j. Since supr≥0 r
2(l+1)e−r/2
k+1
< +∞, the condition (v) of
{κj}j∈N shows that the last term of the above inequality bounded from above by the
constant which does not depend on j. 
A standard calculus shows that Lemma 5 implies Lemma 4 (cf. Chapter 5 of [7]).
Proof of Lemma 4. We may assume that there exists an orthonormal frame (θ1, . . . , θn)
of T ∗X on U . For any f ∈ C
∞(U), we define ∂f/∂θt and ∂f/∂θ¯t by df =
∑n
t=1 ∂f/∂θt θt+
∂f/∂θ¯t θ¯t. Let I = (i1, . . . , iq−1) be a multi-index with i1 < · · · < iq−1 and θ¯I =
θ¯i1 ∧ · · · ∧ θ¯iq−1 . Let g =
∑
|I|=q−1 gI θ¯I be a smooth (0, q − 1)-form on U with compact
support. Define Ag =
∑
|I|=q−1
∑n
l=1
∂gI
∂θ¯l
θ¯l ∧ θ¯I and Bg =
∑
|J |=q−2
∑
l
∂glJ
∂θl
θ¯J . Then
∂g − Ag and −ϑg −Bg have no term where gI is differentiated. Hence we have that
(1)
∫
U
(|Ag|2ω + |Bg|
2
ω)e
κj◦ρ/2
k+1
dVω ≤
∫
U
(2|∂g|2ω + 2|ϑg|
2
ω + C|g|
2
ω)e
κj◦ρ/2
k+1
dVω.
The left-hand side of the above inequality is equal to
∑
|I|=q−1
n∑
l=1
∫
U
∣∣∂gI
∂θ¯l
∣∣2eκj◦ρ/2k+1dVω − ∑
|J |=q−2
∑
l,t
∫
U
(
∂glJ
∂θ¯t
∂g¯tJ
∂θl
−
∂glJ
∂θl
∂g¯tJ
∂θ¯t
)
eκj◦ρ/2
k+1
dVω.
By integrating by parts, the second integral of the above is equal to∫
U
(
∂2glJ
∂θ¯t∂θl
−
∂2glJ
∂θl∂θ¯t
)
g¯tJe
κj◦ρ/2k+1dVω +
∫
U
Reκj◦ρ/2
k+1
dVω.
Here R is written as the sum of s1 gI1κ
(i)
j ◦ ρ ∂gI2/∂θ¯t and s2 gI1gI2κ
(i) ◦ ρ (i = 0, 1, 2)
where s1 and s2 are the smooth functions which depend on neither g nor j. The order
of the differential operator ∂2/∂θl∂θ¯t − ∂
2/∂θ¯t∂θl is one. The condition (v) of {κj}j∈N
shows that ∫
U
∣∣gI1 ∂gI2∂θ¯t
∣∣κ(i)j ◦ ρ eκj◦ρ/2k+1dVω
≤
1
ε
∫
U
|gI1κ
(i)
j ◦ ρ|
2 eκj◦ρ/2
k+1
dVω + ε
∫
U
∣∣∂gI2
∂θ¯t
∣∣2eκj◦ρ/2k+1dVω
≤Cε
∫
U
|gI1|
2 eκj◦ρ/2
k
dVω + ε
∫
U
∣∣∂gI2
∂θ¯t
∣∣2eκj◦ρ/2k+1dVω
for any ε > 0. Hence the left-hand side of (1) is bounded below by
1
2
∑
|I|=q−1
n∑
l=1
∫
U
∣∣∂gI
∂θ¯l
∣∣2eκj◦ρ/2k+1dVω − C
∫
U
|g|2ωe
κj◦ρ/2kdVω,
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where C does not depend on j. Because the order of the differential operator ∂2/∂θl∂θ¯l−
∂2/∂θ¯l∂θl is one, we have that∫
U
∣∣∂gI
∂θl
∣∣2eκj◦ρ/2k+1dVω −
∫
U
∣∣∂gI
∂θ¯l
∣∣2eκj◦ρ/2k+1dVω
≤ε
∫
U
(∣∣∂gI
∂θl
∣∣2 + ∣∣∂gI
∂θ¯l
∣∣2) eκj◦ρ/2k+1dVω + Cε
∫
U
|gI |
2eκj◦ρ/2
k
dVω
for any ε > 0. Since F is trivialized in U and H ′ is equivalent to the flat metric HId,
we can replace g by DK(χβj) in the above calculus, and we obtain
n∑
l=1
∫
U
(∣∣∂DK(χβj)
∂θl
∣∣2
H′, ω
+
∣∣∂DK(χβj)
∂θ¯l
∣∣2
H′, ω
)
eκj◦ρ/2
k+1
dVω
≤C
∫
U
(|DK∂(χβj)|
2
H′, ω + |ϑD
K(χβj)|
2
H′, ω)e
κj◦ρ/2k+1dVω + C
∫
U
|DK(χβj)|
2
H′, ωe
κj◦ρ/2kdVω.
Note that ∂(χβj) = χα + ∂χ ∧ βj. The induction hypothesis and Lemma 5 show that
the last term of the above inequality does not depend on j. 
5. Extension of closed F -valued forms in manifolds
In this section, we extend closed F -valued forms as in [9].
Let X be a Stein manifold and let ϕ be a non-constant plurisubharmonic function on
X such that for every r < supX ϕ the sublevel set {z ∈ X |ϕ(z) < r} is compact. Let
F be a holomorphic vector bundle over X . Let ψ ∈ C∞(X) be an exhaustive strictly
plurisubharmonic function. We define Dϕ(r) = {z ∈ X |ϕ(z) < r}.
Lemma 6. Let U ⊂ X be an open neighborhood of supp i∂∂ϕ and let u ∈ Ω(0,q−1)(U, F )
(1 ≤ q ≤ n−2) such that ∂u = 0. Let r < supϕ such that dϕ 6= 0 on ∂Dϕ(r)\supp i∂∂ϕ
(Note that ϕ is smooth on X \ supp i∂∂ϕ). Then there exists v ∈ Ω(0,q−1)(Dϕ(r), F )
such that u = v on a neighborhood of supp i∂∂ϕ ∩Dϕ(r).
Proof. We take χ ∈ C∞(X) such that 0 ≤ χ ≤ 1, χ = 1 on a neighborhood of supp i∂∂ϕ
and that suppχ ⊂ U . Then α := ∂(χu) is ∂-closed. By Lemma 7 below, there exists
a smooth plurisubharmonic function ϕε on a neighborhood of Dϕ(r) such that ϕε ≥ ϕ
on Dϕ(r), ϕε > ϕ on supp i∂∂ϕ ∩Dϕ(r), and that ϕε = ϕ on suppα.
Let η = ϕε−ϕ. It follows that η is plurisubharmonic on Dϕ(r) \ supp i∂∂ϕ and that
η = 0 on suppα. Since η is lower semi-continuous on Dϕ(r), there exists c > 0 such
that η > c on Dϕ(r) ∩ supp i∂∂ϕ. Let D
′ = {z ∈ D |ϕ(z) − r < 0, η(z) − c/2 < 0}.
Note η ∈ C∞(D′) since ϕ ∈ C∞(D \ supp i∂∂ϕ). By Proposition 1, there exist c′ < c
2
and β ∈ Ω(0,q−1)(D′, F ) such that ∂β = α and that supp β ⊂ {z ∈ D′ | η(z) ≤ c′}. (If
D′ is a disjoint union of bounded pseudoconvex domains, we apply Proposition 1 to
each component.) We extend β by 0 on Dϕ(r) \D
′, and we consider β as an element
of Ω(0,q−1)(Dϕ(r), F ). We have that ∂β = α on Dϕ(r). Then v = χu− β is the form we
are looking for. 
Lemma 7. Let V ⊂ X be an open neighborhood of supp i∂∂ϕ. Let t < supϕ. There
exists a smooth plurisubharmonic function ϕε on Dϕ(t) such that ϕε ≥ ϕ on Dϕ(t),
ϕε > ϕ on supp i∂∂ϕ, and that ϕε = ϕ on Dϕ(t) \ V .
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Proof. Since X is Stein, we may assume that X is a submanifold of Cm. By the
theorem of Docquier and Grauert, there exists an open neighborhood W ⊂ Cm of X
and a holomorphic retraction µ : W → X (cf. Chapter VIII of [6]). Let h : Cm → R+
be a smooth function depending only on |z| (z ∈ Cm) whose support is contained
in the unit ball and whose integral is equal to one. Define hε(z) = (1/ε
2m)h(z/ε)
for ε > 0. Let W ′ ⊂ W be a relatively compact open neighborhood of Dϕ(t). If
ε > 0 is sufficiently small, we can define (ϕ ◦ µ)ε = (ϕ ◦ µ) ∗ hε on W
′. Put ϕε =
(ϕ ◦ µ)ε on Dϕ(t). Then we have ϕε ≥ ϕ on Dϕ(t) and ϕε > ϕ on supp i∂∂ϕ. Since
µ−1(supp i∂∂ϕ) ∩ (W ′ \ µ−1(V )) = ∅, there exists small ε > 0 such that the ball of
radius ε centered at every point of W ′ \ µ−1(V ) does not intersect µ−1(supp i∂∂ϕ).
Then (ϕ ◦ µ)ε = ϕ ◦ µ on W
′ \ µ−1(V ). 
Lemma 8. Let ϕ be a plurisubharmonic function on X as in Theorem 1. Let r < s <
t < supX ϕ such that Dϕ(r) ⊂⊂ Dϕ(s) ⊂⊂ Dϕ(t). Then there exists a plurisubharmonic
function φ on X which satisfies the following conditions:
(a) ϕ = φ on {z ∈ D |ϕ(z) ≥ t}.
(b) supp i∂∂ϕ ∪Dϕ(r) ⊂ supp i∂∂φ.
Proof. Let ψ be an exhaustive strongly plurisubharmonic function on X . We may
assume that ψ > 0 on X . Let M = supDϕ(t) ψ and let τ(z) = r +
(s−r)ψ
M+1
. Then
r < τ < s on the closure of Dϕ(t). We define
φ(z) =
{
ϕ(z) if z ∈ {x ∈ X |ϕ(x) ≥ t}
max{ϕ(z), τ(z)} if z ∈ Dϕ(t)
Then φ is a plurisubharmonic function on X . It is easy to see that φ satisfies the
conditions of the lemma. 
Lemma 9. Let X and ϕ be as in Theorem 1. Let U ⊂ X be an open neighborhood
of supp i∂∂ϕ and let u ∈ Ω(0,q−1)(U, F ) (1 ≤ q ≤ n − 2) such that ∂u = 0. Let
s1 < s2 < · · · < supX ϕ such that limj→∞ sj = supD ϕ and that
Dϕ(s1) ⊂⊂ Dϕ(s2) ⊂⊂ · · · ⊂⊂ X.
Then there exist Vj ⊂ X and vj ∈ Ω
(0,q−1)(Vj, F ) (j = 3, 4, . . .) which satisfy the
following:
(i) Vj is an open neighborhood of supp i∂∂ϕ ∩Dϕ(sj).
(ii) ∂vj = 0 on Vj.
(iii) vj+1 = vj on Dϕ(sj−2).
(iv) vj = u on a neighborhood of supp i∂∂ϕ.
Proof. By Lemma 6, there exists v ∈ Ω(0,q−1)(Dϕ(s5), F ) such that ∂v = 0 and that
v = u on a neighborhood of supp i∂∂ϕ ∩Dϕ(s5). We may assume that U is sufficiently
small. Then v on Dϕ(s4) and u on U can be glued together to give the form v3 on
V3 := U ∪Dϕ(s4).
Assume that there exist Vj and vj which satisfy the condition of the lemma (j ≥ 3).
By Lemma 8, there exists plurisubharmonic function φ on X such that ϕ = φ on
{z ∈ D |ϕ(z) ≥ sj} and that supp i∂∂ϕ∪Dϕ(sj−2) ⊂ supp i∂∂φ. Then vj is defined on
a neighborhood of supp i∂∂φ. By Lemma 6, there exists v˜ ∈ Ω(0,q−1)(Dϕ(sj+3), F ) such
that ∂v˜ = 0 and that v˜ = vj on an open neighborhood of Dϕ(sj+3) ∩ supp i∂∂φ
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the case of v3, we can glue v˜ and vj together, and we obtain vj+1 and Vj+1 which satisfy
the conditions of the lemma. Hence we obtain Vk and vk (k = 3, 4, . . .) inductively. 
Now we prove that the natural map
H0(X,F )→ lim−→
supp i∂∂ϕ⊂V
H0(V, F ).
is an isomorphism and
lim
−→
supp i∂∂ϕ⊂V
Hq(V, F ) = 0.
for 0 < q < n− 2.
Proof. Let U be an open neighborhood of supp i∂∂ϕ in X . Let u ∈ Ω(0,q−1)(U, F )
(1 ≤ q ≤ n − 2) such that ∂u = 0. Take {sj} and {vj} as in Lemma 5. We can
define v ∈ Ω(0,q−1)(X,F ) by v(z) = vj+2(z) when z ∈ Dϕ(sj). Then ∂v = 0 and v is
equal to u on a neighborhood of supp i∂∂ϕ. Hence the natural map Hq−1(X,F ) →
lim
−→
supp i∂∂ϕ⊂V
Hq−1(V, F ) is surjective. Since Hq−1(X,F ) = 0 for q ≥ 2, this completes the
proof. 
Let X be a projective manifold and let T be a closed positive current of type (1, 1)
on X such that the cohomology class {T} belongs to KNS. There exist very ample line
bundles L1, . . . , Lp and positive numbers a1, . . . , ap such that {T} = a1c1(L1) + · · · +
apc1(Lp) where c1(Lj) is the first Chern class of Lj . Let ωj be a smooth closed positive
form such that ωj ∈ c1(Lj). Put ω = a1ω1 + · · · apωp. Then there exists an almost
plurisubharmonic function ϕ on X such that T = ω+ i∂∂ϕ (see Section 14 of [4]). Here
we say that a function ϕ is almost plurisubharmonic if, for any x ∈ X , there exists
a smooth function ψ on a neighborhood of x such that ϕ + ψ is a plurisubharmonic
function. Then we have that points where ϕ is not continuous belong to suppT . (We
note that this claim needs not hold if ϕ is not almost plurisubharmonic, even when ϕ
is a locally integrable upper-semicontinuous function.)
First we assume that ϕ is bounded on X . Take non-zero holomorphic sections s1 ∈
Γ(X,L1), . . . , sp ∈ Γ(X,Lp). Define s = s1 ⊗ · · · ⊗ sp ∈ Γ(X,L1 ⊗ · · · ⊗ Lp).
Lemma 10. Let U ⊂ X be an open neighborhood of supp T = supp (ω+ i∂∂ϕ). Here ϕ
is a bounded almost plurisubharmonic function. Let u ∈ Ω(0,q−1)(U, F ) (1 ≤ q ≤ n− 2)
such that ∂u = 0. Let K ⊂ X \ {z ∈ X | s(z) = 0} be a compact set. Then there
exist an open neighborhood U1 ⊂ X of K ∪ supp (ω + i∂∂ϕ), a ∂-closed F -valued form
u1 ∈ Ω
(0,q−1)(U1, F ) and a bounded almost plurisubharmonic function ϕ1 on X which
satisfy the following conditions:
(a) u = u1 on an open neighborhood of supp (ω + i∂∂ϕ),
(b) ω + i∂∂ϕ1 ≥ 0,
(c) K ∪ supp (ω + i∂∂ϕ) ⊂ supp (ω + i∂∂ϕ1) ⊂ U1.
Proof. Put Y = {z ∈ X | s(z) = 0}. Then X \ Y is a Stein manifold. Let ‖ · ‖j
be a smooth hermitian metric of Lj whose Chern curvature is ωj. Let ϕ˜ = ϕ −∑p
j=1
1
2pi
log ‖sj‖
2aj on X \ Y . Then ϕ˜ is an exhaustive plurisubharmonic function and
supp i∂∂ϕ˜ = (X \ Y ) ∩ supp (ω + i∂∂ϕ). Let Dϕ˜(r) = {z ∈ X \ Y | ϕ˜(z) < r}. Take
s < t such that K ⊂ Dϕ˜(s) ⊂⊂ Dϕ˜(t). There exists v ∈ Ω
(0,q−1)(Dϕ˜(t), F ) such that
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∂v = 0 and that u = v on an open neighborhood of Dϕ˜(s)∩ supp i∂∂ϕ˜ by Lemma 6. As
in the proof of Lemma 9, we can glue v and u together, and we obtain an open neigh-
borhood U1 ⊂ X of K ∪ supp (ω+ i∂∂ϕ) and u1 ∈ Ω
(0,q−1)(U1, F ) which satisfy (a). By
lemma 8, there exists bounded from below, exhaustive plurisubharmonic function ϕ˜1
such that K ∪ supp i∂∂ϕ˜ ⊂ supp i∂∂ϕ˜1 ⊂ U1 and that ϕ˜1 = ϕ˜ on X \ (Y ∪Dϕ˜(t)). Put
ϕ1 = ϕ˜1 +
∑p
j=1
1
2pi
log ‖s‖2aj . Since ϕ1 = ϕ on a neighborhood of Y , we can consider
ϕ1 as a bounded almost plurisubharmonic function on X . Then ϕ1 is a function we are
looking for. 
Now we prove that the natural map
Hq(X,F )→ lim
−→
supp (ω+i∂∂ϕ)⊂V
Hq(V, F )
is an isomorphism for 0 ≤ q < n− 2 and is injective for q = n− 2.
proof of the case where ϕ is bounded. We first show thatHq(X,F )→ lim
−→
supp (ω+i∂∂ϕ)⊂V
Hq(V, F )
is surjective for 0 ≤ q ≤ n− 3. Let u ∈ Ω(0,q)(U, F ) be a ∂-closed F -valued form where
U is an open neighborhood of supp (ω + i∂∂ϕ). We can take compact sets Kl ⊂ X
and sl,j ∈ Γ(X,Lj) (1 ≤ l ≤ N , 1 ≤ j ≤ p) such that
⋃N
l=1Kl = X and that
Kl ∩
⋃p
j=1{z ∈ X | sl,j(z) = 0} = ∅ for any l. Put ϕ0 = ϕ, u0 = u. By using Lemma 10
repeatedly, there exist Ul ⊂ X , ul ∈ Ω
(0,q)(Ul, F ) (1 ≤ l ≤ N) and ϕl (1 ≤ l ≤ N − 1)
such that
⋃l
k=1Kk ∪ supp (ω + i∂∂ϕ) ⊂ supp (ω + i∂∂ϕl) ⊂ Ul and that ul = ul−1 on a
neighborhood of supp (ω+ i∂∂ϕl−1). Hence uN ∈ Ω
(0,q)(X,F ) is ∂-closed F -valued form
such that uN = u on a neighborhood of supp (ω + i∂∂ϕ). This proves the surjectivity.
Next, we show that Hq(X,F )→ lim−→
supp (ω+i∂∂ϕ)⊂V
Hq(V, F ) is injective for 0 ≤ q ≤ n−2.
Let α ∈ Ω(0,q)(X,F ) such that ∂α = 0. Suppose that there exists an open neighborhood
U ⊂ X of supp (ω + i∂∂ϕ) and v ∈ Ω(0,q−1)(U, F ) such that α = ∂v on U . Let
χ ∈ C∞(X) be a function such that suppχ ⊂ U and that χ = 1 on a neighborhood
of supp (ω + i∂∂ϕ). Then α − ∂(χv) is ∂-closed F -valued form which vanishes on a
neighborhood of supp (ω + i∂∂ϕ). Take K1, . . . , KN as in the proof of the surjectivity.
As in the proof of Lemma 6, there exists F -valued (0, q − 1)-form v′1 which is defined
in an open neighborhood of K1 such that ∂v
′
1 = α − ∂(χv) and that v
′
1 = 0 on a
neighborhood of supp (ω + i∂∂ϕ). By the trivial extension, we may assume that v′1 is
defined on a neighborhood U1 of K1 ∪ supp (ω + i∂∂ϕ). Define v1 = χv + v
′
1 on U1.
We have that ∂v1 = α and that v1 = v on a neighborhood of supp (ω + i∂∂ϕ). As
in Lemma 10, there exists a bounded function ϕ1 such that ω + i∂∂ϕ1 ≥ 0 and that
K1∪supp (ω+i∂∂ϕ) ⊂ supp (ω+i∂∂ϕ1) ⊂ U1. If we replace K1, v, U, ϕ by K2, v1, U1, ϕ1
respectively, we obtain v2, U2, ϕ2 which satisfy the suitable conditions. By repeating this
process, we obtain vN ∈ Ω
(0,q−1)(X,F ) such that ∂vN = α. 
proof of the case where ϕ is unbounded. Define ϕc = max{ϕ, c} for c ∈ R and Tc =
ω + i∂∂ϕc. Then ϕc is bounded and Tc ≥ 0 since ω > 0. It is easy to see that
suppT = supp (ω + i∂∂ϕ) ⊂ suppTc. Let U be any open neighborhood of supp T ,
We show that supp Tc ⊂ U for sufficiently small c. Assume that there exist points
xk ⊂ X \ U such that xk ∈ supp T−k for any k ∈ N. Let {xk(j)}j∈N be a convergent
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subsequence and x = limj→∞ xk(j) ∈ X \ U . Then almost plurisubharmonic function
ϕ is unbounded on a neighborhood of x, and is not continuous at x. We have that
x ∈ supp T , which gives a contradiction. Now we can reduce the proof to the case
where ϕ is bounded. 
6. Proof of Main results
The proof of Theorem 1 is similar to that of Theorem 2. Hence we only prove
Theorem 2 by induction on m. The case m = 1 holds by the arguments in Section 5.
Assume now that m ≥ 2 and that the case m − 1 has already been proved. We first
note that the cohomology class of Tj + Tk is in KNS and
supp Tj ∪ supp Tk = supp (Tj + Tk)
for any 1 ≤ j, k ≤ m. Put A =
⋂m−1
j=1 supp Tj and B = suppTm. Then Mayer-Vietoris
exact sequence yields the commutative diagram
· · · // Hq(X,F ) //

Hq(X,F )⊕Hq(X,F ) //

Hq(X,F ) //

· · ·
· · · // lim
−→
A⊂V1
B⊂V2
Hq(V1 ∪ V2, F ) // lim−→
A⊂V1
Hq(V1, F )⊕ lim−→
B⊂V2
Hq(V2, F ) // lim−→
A⊂V1
B⊂V2
Hq(V1 ∩ V2, F ) // · · ·
where the rows are exact sequences. We have that
lim
−→
A⊂V1
B⊂V2
Hq(V1 ∪ V2, F ) ≃ lim−→⋂m−1
j=1 (supp (Tj+Tm)⊂V
Hq(V, F )
and
lim
−→
A⊂V1
B⊂V2
Hq(V1 ∩ V2, F ) ≃ lim−→⋂m
j=1 suppTj⊂V
Hq(V, F ).
Then we complete the proof by the induction hypothesis and a diagram-chasing argu-
ment. 
Let X = Pn be the complex projective space of dimension n ≥ 3. Then any non-zero
closed positive current of type (1, 1) belongs to KNS and we can apply Theorem 2 to
this case.
References
[1] B. Berndtsson and Ph. Charpentier, A Sobolev mapping property for the Bergman kernel. Math.
Z. 235, 1–10 (2000).
[2] D. Chakrabarti, M-C. Shaw, L2 Serre duality on domains in complex manifolds and applications,
Trans. Amer. Math. Soc. 364, no. 7, 3529–3554 (2012).
[3] J. P. Demailly, Complex analytic and differential geometry, OpenContent Book. Version of Thurs-
day June 21, 2012. Available at the authors web page.
[4] J. P. Demailly, Analytic Methods in Algebraic Geometry, Higher Education Press, Surveys of
Modern Mathematics, Vol. 1 (2010).
[5] H. Donnelly and C. Fefferman, L2-cohomology and index theorem for the Bergman metric, Ann.
of Math. 118 (1983), 593–618.
[6] R. C. Gunning and H. Rossi, Analytic functions of several complex variables, Prentice-Hall, Inc.,
Englewood Cliffs, N.J., 1965.
COHOMOLOGY OF VECTOR BUNDLES AND NON-PLURIHARMONIC LOCI 13
[7] L. Ho¨rmander, An introduction to complex analysis in several variables, Third edition, North-
Holland Mathematical Library, 7. North-Holland Publishing Co., Amsterdam, (1990).
[8] S. Lee and Y. Nagata, An extension theorem of holomorphic functions on hyperconvex domains,
arXiv preprint, arXiv:1811.06438.
[9] Y. Tiba, Cohomology of non-pluriharmonic loci, to appear in Math. Z, doi:10.1007/s00209-019-
02273-1.
Department of Mathematics,
Ochanomizu University,
2-1-1 Otsuka, Bunkyo-ku, Tokyo (Japan)
chiba.yusaku@ocha.ac.jp
